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We introduce a novel real-time formulation of lattice NRQCD designed for simulations in the
background of an highly occupied gluon field. By evolving quarks in the background of a dy-
namically evolving gluon field we computed the time-evolution of heavy-quarkonium spectral
functions as well as the static and for finitely heavy quarks generalised potential. We conclude
that the back reaction of the quarks is necessary for any binding process. Here we discuss the
methodology, our results and the origin of the absence of a binding process.
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1. Introduction
Heavy quarkonia, the bound states of heavy quarks and antiquarks (bb¯ bottomonium, cc¯ char-
monium), are one of the main probes for the QGP in heavy ion collisions [1]. So far, the formation
process of heavy quarkonia in the early time evolution of the glasma remains largely unexplored.
The problem lies in the non-perturbative nature of the binding process combined with the neces-
sity to treat the real-time evolution of the system – which is inaccessible in conventional lattice
simulations due to the sign problem.
In this study we employ a hamiltonian evolution scheme in axial gauge with initial conditions
drawn from a statistical ensemble for the time-evolution of the gluon field. This approach is called
the classical statistical evolution scheme, which is formulated in spatial links and electric fields in
a non-expanding box. This gauge field is then used as a background for the evolution of heavy
quarks and the subsequent evaluation of current-current-correlators to extract heavy quarkonium
spectra in the early time evolution of the glasma.
Physical Situation
The heavy quarks in the glasma are characterized by an hierarchy of energy scales. The rele-
vant scales for the heavy quarks are ordered in powers of the relative velocity v< 1. In descending
order, they are given by: The heavy quark mass M, the heavy quark-antiquark relative momentum
p∼Mv and the corresponding kinetic energy E ∼Mv2. In table 1 these scales are shown.
State v2 [2] M [GeV] [3] Mv [GeV] Mv2 [GeV]
ϒ 0.1 4.2 1.3 0.42
Ψ 0.3 1.3 0.71 0.39
Table 1: Hierarchy of scales for heavy quarkonia of bottom and charm quarks
The initial state of the system is the glasma. Its gluon spectrum can be described [4] as highly
occupied n(ω) ∼ 1/g2 (g≪ 1) up to the saturation scale QS ≈ 1GeV. Past that scale, only com-
paratively small fluctuations from the quantum-1/2 are present.
Method to Study the Far-From-Equilibrium Dynamics
We are interested in heavy quarkonium spectral functions in the glasma whose form might
be time-dependent due to the far-from-equilibrium evolution of the system. In order to take this
behaviour into account, they have to be defined as the Wigner distribution function of the corre-
sponding quarkonium current-current-correlator
ρ
(
t,ω ,~p=~0
)
=
+∞∫
−∞
〈[
Jaµ
(
~x, t+
s
2
)
,Jµ ,a
(
~x, t−
s
2
)†]〉
e−iωsds , (1.1)
where Jaµ is the channel-dependent vector current (J
a
µ = (χ
†Mψ)aµ withM = 1 for colour and spin
singlet, M = σi for spin triplet etc.), t the central time, s the relative time, ω the energy of the state
and ~p=~0 the relative momentum of the heavy quarks.
Recent progress in the investigation of the early-time gluon-dynamics in heavy ion collisions
has been made with classical statistical simulations [5, 6]. The high occupancy that characterises
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the glasma makes possible the use of an approximation to the full path integral. It reduces the sim-
ulation to a deterministic hamiltonian real-time evolution of gauge fields whose initial conditions
are drawn from an ensemble such that they resemble an initial density matrix ρ0. That density
matrix is in case of the glasma represented by a box-like occupation number n(ω). The gauge field
Aaµ is represented as links Uµ(x) = exp
(
iaµA
a
µ(x+ µˆ/2)T
a
)
with T a the generators of SU(3). The
corresponding hamiltonian evolution equations are
U j
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t+
a0
2
,~x
)
= exp
(
ia0a jE
a
j (t,~x)T
a
)
·U j
(
t−
a0
2
,~x
)
, (1.2)
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a
j (t,~x)−2
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a j
Im
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a2k
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(
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a0
2
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)]}
, (1.3)
where the plaquettes Pj,k and Pj,−k are given by
Pj,k (t,~x) =U j (t,~x)Uk
(
t,~x+ jˆ
)
U
†
j
(
t,~x+ kˆ
)
U
†
k (t,~x) , (1.4)
Pj,−k (t,~x) =U j (t,~x)U
†
k
(
t,~x− kˆ+ jˆ
)
U
†
j
(
t,~x− kˆ
)
Uk
(
t,~x− kˆ
)
. (1.5)
The heavy quarks are described by NRQCD [7, 8], an effective field theory that employs the
aforementioned hierarchy of scales. It removes the rest mass from the energy scale in which the
spectrum is measured and thus allows for much coarser lattice spacings than the prohibitively fine
ones necessary to resolve e.g. the bottomonium production threshold of 2MQ ≈ 8.4GeV. From
the NRQCD-lagrangian follows a non-relativistic Schrödinger-equation for the quark (anti-quark)
two-point function Gψ (Gχ )
∂G[U ] (x2,x1)
∂x02
=−iHˆ[U ](x02)G[U ] (x2,x1) . (1.6)
Here,U denotes the full gauge configuration evolving in Minkowski space-time. On the other hand,
H[U ](x02) denotes the hamiltonian applied to the two-point function at time x
0
2. We remark that the
propagator posesses in addition to its space-time indices denoted in eq. (1.6) an additional spin-
and colour-structure, i.e. we are working on the combined hilbert space H = Hspace ⊗Hspin⊗
Hcolour. The lattice hamiltonian acting on the two-point-functions G is derived from its continuum
expression
Hˆψ =−
~D2
2m
−
c1
2m
Biσi− i
c2
8m2
εi jk{Di,E j}σk−
c3
8m2
[Di,Ei]+O
(
m−3
)
. (1.7)
The hamiltonian for the anti-quark field χ is given by Hˆχ(m) = Hˆψ(−m). The various terms in the
hamiltonian are formulated such that the corresponding lattice version of the NRQCD-lagrangian is
gauge-invariant. The time-dependent Schrödinger-equation in eq. (1.7) is numerically intergrated
with the Crank-Nicolson method. The links and their corresponding momenta, the chromo-electric
field Eai , are evolved with a Leapfrog method, indicated by the shift of a0/2 in the link variables.
Regarding the interplay of gluons and the heavy quarks, the much bigger heavy quark-antiquark
production threshold 2M has to be compared to the saturation scale QS. In the initial state, due to
the lack of gluon occupation at ω ∼ 2M, pair production of heavy quarks from gluons is a strongly
suppressed process and thus allows to remove the vacuum polarisation effects from the simulation
by setting the heavy-quark fermion determinant to 1.
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2. Extraction of the Real-Time Spectrum
In eq. (1.1) the formal definition of the spectral function via the commutator of the vector-
current was given. Expanding the commutator leaves us with the two current-current correlators
in the evolving glasma
〈
JJ†
〉
ρGlasma
and
〈
J†J
〉
ρGlasma
. We argue that the second expectation value
can be neglected due to the suppression of pair creation for heavy quark-antiquark-pairs due to the
gluonic background field that has an occupation up to QS ≈ 1.2GeV only. Thus, we are left with
the computation of
〈
JJ†
〉
ρGlasma
. After inserting the interpolators from [7] and integrating out the
heavy quark fields one obtains the formulas for the quarkonium correlators.
3. Conceptual Differences to the Euclidean Lattice Method
There are several conceptual differences to the Euclidean lattice field theory that show up in
the correlator and its analysis which we will discuss in this section.
Real-time signals show an oscillatory behaviour that arises from the structure of the Schrödinger-
equation. In fig. 1 the real and imaginary part of the free, i.e. Uµ ≡ 1 and Ei ≡ 0, heavy quarko-
nium correlator are shown for a temporal spacing of a0/as = 0.1, the two lattice sizes Λ = 16
3 and
Λ = 323 and the quark mass asMQ = pi/2. In general, the real-time correlator is a-priori infinite
and not related to a temperature.
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Figure 1: Real (left) and imaginary (right) part of the free heavy quarkonium correlator in real time for
asMQ = pi/2, a0/as = 0.1 and Λ ∈ {16
3,323}
Finite volume effects arise as recurrence in the correlator. This can be understood by consid-
ering the diffusive term −D2/(2m) in the hamiltonian for the two-point-correlator G that leads to
a decay in time on top of any oscillatory behaviour. At a finite volume, however, an initial distri-
butions diffusion surpasses the boundary and causes recurrence. This recurrence is the real-time
finite-volume effect and leads to an additional peak structure in the spectrum when evolving to late
times and thus resolving the seperate, discrete lattice momenta. In fig. 1 the decay can be clearly
seen on top of the aforementioned oscillations. At circa t = 10as the real and imaginary parts of
the two correlator on the 163 and 323 lattices start to deviate from each other due to the arising
recurrence on the smaller lattice.
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The extraction of the spectrum has to be done via a Fourier transform as follows from
eq. (1.1) instead of a Laplace transform. While the inverse Laplace-transform for noisy data is
an ill-posed problem, the inverse Fourier transform does not suffer from this [9].
The removal of finite time artifacts from the spectrum can be done via windowing. The
real-time signal would a-priori have to be sampled over the whole real axis - something, we cannot
do. In praxis we have to stop the measurement at some point and thus cut the signals extension to
the window t ∈ [ti, tf]. This amounts to multiplying the signal with the window-function f (ti, tf; t) =
Θ(ti− t)Θ(tf− t). The subsequent Fourier transform leaves us with the convolution of the signals
and the window functions seperate Fourier transforms which leads to so-called ringing. This effect
can be partially compensated by choosing instead a window-function that reduces the effect of the
hard cut-offs at ti and tf. The window-function we use is called the Hann-window. It smoothly
sets the signal to 0 at the cut-offs while retaining the signals form during most of the interval over
which the signal has been measured.
4. Numerical Results
We start with the free spectrum. In the top left plot of fig. 2 the free S-wave spectrum for an
heavy quarkonium is shown. The scale is set by the gluon saturation scale Qs: Via as = (as/Qs) ·Qs
we can determine the physical values of all other quantities. We used here quark masses of MQ =
pi/2 ·Qs ≈ 1.9GeV and a lattice spacing of as = 0.8GeV
−1. The specific form of the free spectrum
originates in the use of the Crank-Nicolson-scheme and the value of the quark mass in units of the
lattice spacing. The cusps of the spectral function are finite-lattice-spacing- and thus momentum-
cut-off-artifacts. Therefore, we can only draw physical implications from the spectral functions
until at most the first cusp which is in the shown plots at around ω = 2.5a−1s .
In the same figure, we show the colour singlet and octet heavy quarkonium spectral functions
at t = 0,10,100 spatial lattice spacings. We can see that the free, singlet and octet spectral functions
agree for t = 0as. At t = 10as we start to see a slight deviation of the singlet and octet spectral
functions. At the latest shown time, t = 100as, we see a clear difference between the two spectral
functions and from the free one. In the energy-interval asω ∈ [0,2] we see an enhancement of the
singlet compared to the octet channel but no peak structure. We understand the absence of for
bound states characteristic peaks from the missing back reaction of the quarks to the gluon field:
In contrast to the Euclidean case, where this back reaction happens solely through the fermion
determinant, in a classical statistical simulation the fermions appear also in the Maxwell equations
and the Gauss law constraint which reduces the allowed configuration space. Therefore, even in a
real-time simulation of a gluon field with static quarks, the projection of the physical space to one
that fulfils the Gauss constraint would have to be performed in order to have the chance to see any
kind of binding process.
In order to support that argument, we computed the static quark potential from the Wilson
loop as it was done in [10], where the initial states were drawn from a classical thermal ensemble.
The static quarkonium potential was found to lack the presence of a real part, thus indicating the
absence of binding. In order to investigate wether the origin of this absence lies in the static nature
of the quark fields, we considered quarks with a finite but still heavy mass using our evolution
scheme. Therefore, we replaced the temporal Wilson lines by the quark and anti-quark propagators
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Figure 2: Colour singlet (violet ticks) and octet (green crosses) heavy quarkonium spectrum for asQs = 1,
asMQ = pi/2, a0/as= 0.1 on a 64
3-lattice. FromQS/MQ = 1.2 follows that we consider here slightly heavier
charm quarks.
and thus computed a generalised, hybrid Wilson loop. By investigating its spectrum, as it was done
for the conventional Wilson loop in [11], we can extract the potential from the peaks positions and
its imaginary part from the peaks widths. In fig. 3 the hybrid loops spectrum for several distances
are shown for the same parameters as in [10], i.e. on a 123-lattice for β = 16, and additionally
with asMQ = 10pi/2. We see that the peaks are located at an energy different from zero but do
not change position with spatial separation of the loop. However, because the quarks have a fi-
nite mass, they can move and thus the energy receives a contribution from a finite kinetic part,
E = p2/2MQ+ReV (R), which for the free case reduces to Efree = p
2/2MQ. Hence the shift in the
spectral features can be understood as an irrelevant constant contribution due to the presence of the
kinetic term. We conclude that the real part of the potential even for finite mass remains zero in
simulations without back reaction.
0
0.2
0.4
0.6
0.8
1
0 0.2 0.4 0.6 0.8 1
ρ
h
y
b
ri
d
lo
o
p
ω [a−1s ]
Free
R= 1as
R= 2as
R= 3as
R= 4as
R= 5as
Figure 3: Hybrid loops
spectral function on a 123-
lattice for β = 16 and
asMQ = 10pi/2
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5. Conclusion and Outlook
We constructed a novel simulation method for heavy quarks in the background of a dynam-
ically evolving gluon field. First, we investigated the spectrum of heavy quarkonium current-
current-correlators and found no indications of bound states. We explained this by the absence
of the back reaction from the quarks to the gluon field. We supporteded this argument by the lack
of a real part in the static as well as in the for heavy quarks generalised potential.
In the future we aim at the inclusion of the back reaction from the quarks to the gluon field.
As a first step, we are currently working on the computation of the static potential in the presence
of a dynamically evolving gauge field.
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